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Numerical solutionsAbstract This article deals with the laminar ﬂow of a viscous ﬂuid and heat transfer analysis due to
a porous stretching/shrinking cylinder with partial slip condition. The ﬂow equations corresponding
to momentum and energy equations are transformed into a set of highly nonlinear ordinary differ-
ential equations by means of similarity transformations, which are then, solved numerically using
Runge–Kutta–Fehlberg method. The physical signiﬁcance of the various involved parameters on
the ﬂow velocity and temperature distribution is discussed through graphs and tables in detail. It
is found that the dual solutions exist for the shrinking cylinder, while a unique solution exists for
stretching cylinder. Comparison of the present results with the existing previous results is given
and found to be in good agreement.
 2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The ﬂow caused by stretching boundary arises frequently in
materials manufactured by extrusion, glass-ﬁber and paperproduction. Following the pioneering work of Crane [1],
recently the ﬂow and heat transfer characteristics past a
stretching/shrinking sheet with and without slip condition at
the surface were studied by many authors [2–6]. On the other
hand, Wang [7] was the ﬁrst who discussed the steady ﬂow
of a viscous ﬂuid outside of a stretching hollow cylinder by
considering the ambient ﬂuid at rest. Ishak et al. [8] studied
the MHD ﬂow and heat transfer analysis over a stretching
cylinder. Again Ishak et al. [9] discussed the effects of uniform
suction/blowing on the ﬂow and heat transfer due to a stretch-
ing cylinder numerically using the Keller-box method. Ishak
and Nazar [10] presented the laminar boundary layer ﬂow of
a viscous ﬂuid along a stretching cylinder and obtained the
similarity solution. Abbas et al. [11] investigated the laminar
Figure 1 Physical model and coordinate system.
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cous ﬂuid outside a stretching cylinder in the presence of ther-
mal radiation in a porous medium. Munawar et al. [12–14]
reported the analytical and numerical results to discuss the
unsteady boundary layer ﬂow of a viscous ﬂuid with/without
heat transfer analysis over an oscillatory stretching cylinder.
Zaimi et al. [15] studied the unsteady viscous ﬂow over a
shrinking cylinder with mass transfer. In another study,
Zaimi et al. [16] demonstrated the unsteady ﬂow and heat
transfer of a nano-ﬂuid over a contracting cylinder.
In most of the investigations, no-slip boundary condition
(the assumption that a liquid adheres to a solid boundary) is
established and Kn ¼ 0, but in some situations such as
emulsions, suspensions, foams and polymer solution [17], the
no-slip condition is not adequate. For the range of
0:01 < Kn < 0:1 (slip ﬂow) the standard Navier–Stokes and
energy equations can still be used by taking into account velo-
city slip. In recent years, the slip-ﬂow regime has been widely
studied and researchers have been concentrating on the analy-
sis of micro-scale in the micro-electro-mechanical systems
(MEMS) associated with the embodiment of velocity slip.
Because of the micro-scale dimensions, the slip ﬂow greatly dif-
fers from the traditional no-slip ﬂow [18–20]. Sparrowet al. [21]
considered the ﬂuid ﬂow due to the rotation of a porous
surfaced disk and also employed a set of linear slip ﬂow
conditions. A substantial reduction in torque occurred as a
result of surface slip. Wang and Ng [22] investigated the slip
ﬂow due to a stretching cylinder. They found that the slip
greatly reduces the magnitudes of the velocities and the shear
stress. Mukhopadhyay [23] investigated the chemically reactive
solute transfer in a boundary layer ﬂow along a stretching
cylinder with partial slip condition. Recently, Mukhopadhyay
[24] presented the analysis for the axisymmetric laminar bound-
ary layer ﬂow of a viscous ﬂuid and heat transfer over a stretch-
ing cylinder under the inﬂuence of a uniform magnetic ﬁeld and
partial slip condition.
In the present article, we derive numerical solutions for the
laminar ﬂow of a viscous ﬂuid and heat transfer analysis due to
a porous stretching/shrinking cylinder in the presence of
boundary slip condition. Similarity transformations are
employed to render the nonlinear dimensional partial differen-
tial boundary layer equations into set of ordinary differential
equations, which are solved using Runge–Kutta–Fehlberg
method. The graphs are plotted and discussed for the
variations of different involved parameters in detail.
2. Flow equations
Consider an unsteady, two-dimensional and incompressible
ﬂow of a viscous ﬂuid over a permeable stretching/shrinking
cylinder, where the z-axis is taken along the axis of cylinder
and r-axis in radial direction as shown in Fig. 1. It is also
assumed that the diameter of a cylinder is taken as a function
of time with unsteady radius aðtÞ ¼ a0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 btp , where a0 is a
constant and b is a constant of expansion/contraction strength.
We also assume the temperature at the cylinder surface is
varying as a function of time Twðz; tÞ, and the ambient ﬂuid
temperature is T1, with Tw > T1. In the absence of body force
and base on the assumptions of axisymmetric ﬂow, the
Navier–Stokes and energy equations in the cylindrical coordi-
nate are given as1
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where z and r are the cylindrical polar coordinates measured in
axial and radial directions, u and w are the velocity compo-
nents in the r and z directions, respectively, p is the pressure
of the ﬂuid, q is the ﬂuid density, m is the kinematic viscosity,
cp is speciﬁc heat, k is the thermal conductivity and T is
temperature of the ﬂuid.
The relevant boundary conditions for the present problem
are
u¼ Uﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1btp ; w¼ e
1
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4mz
1btþNl
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@r
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where Uð< 0Þ is the constant mass transfer (suction) velocity,
e ¼ 1 for stretching cylinder, e ¼ 1 for shrinking cylinder
and e ¼ 0 for the static cylinder, l is the dynamic viscosity, b
is the constant, N ¼ N1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 btp is the velocity slip length which
is changed with time and N1 is the initial value of velocity slip
parameter and has dimension (velocity)1 and b has the
dimension of (time)1. The no-slip condition can be obtained
for N ¼ 0 in this case. The surface temperature Twðz; tÞ of
the ﬂuid is deﬁned as
Twðz; tÞ ¼ T1 þ bz
a0mð1 btÞ ; ð6Þ
where b > 0ð Þ is a constant.
The governing ﬂow equations can be reduced into set of
ordinary differential equations with the following similarity
transformations
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With the help of Eq. (7), the continuity equation is satisﬁed
automatically and Eqs. (3) and (4) reduce to
gf 000 þ f 0 þ ff 0  f 02  S gf 0 þ f 0ð Þ ¼ 0; ð8Þ
gh 0 þ h 0 þ Pr fh 0  hf 0ð Þ  S Pr gh 0  hð Þ ¼ 0; ð9Þ
subject to the boundary conditions
fð1Þ ¼ c; f 0ð1Þ ¼ eþ kf 0ð1Þ; hð1Þ ¼ 1; ð10Þ
f 0ð1Þ ¼ 0; hð1Þ ¼ 0: ð11Þ
Here prime denotes differentiation with respect to
g; c ¼ a0U=2m is the mass suction parameter, S ¼ a20b=4m is
the unsteadiness parameter, k ¼ 2N1qm=a0 is the velocity slip
parameter and Pr ¼ m=a is the Prandtl number. The pressure
can be obtained from Eq. (2) as
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The physical quantities of interest are the skin friction coefﬁ-
cient Cf and Nusselt number Nu which are deﬁned as
Cf ¼ swqw2w=2
; Nu ¼ aðtÞqw
kðTw  T1Þ : ð13Þ
The surface shear stress sw and heat ﬂux qw at the wall are
given by
sw ¼ @w
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 
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Using Eqs. (7) and (13), from Eq. (12) we get
Cfz=a ¼ f 0ð1Þ; Nu ¼ 2h 0ð1Þ: ð15ÞFigure 2 Variation of the skin friction coefﬁcient f 00ð1Þ with S
when k ¼ 0, for shrinking cylinder.3. Numerical solution
The non-linear Eqs. (8) and (9) along with the boundary con-
ditions (10) are solved numerically by shooting method using
fourth order Runge–Kutta method after converting it into an
initial value problem (IVP). For this purpose ﬁrstly choose a
suitable ﬁnite value of g1. Eqs. (8) and (9) are transformed
to system of ﬁve ﬁrst order differential equations which are
given as:
f ¼ y1; f 0 ¼ y 01 ¼ y2; f 0 ¼ y 02 ¼ y3;
y 03 ¼ ðSðgy3  y2Þ þ ðy2Þ2  y1y3  y3Þ=g;
ð16Þ
h ¼ y4; h 0 ¼ y 04 ¼ y5;
y 05 ¼ ðS Prðgy5  y4Þ  Prðy1y5  y4y2Þ  y5Þ=g;
ð17Þ
with boundary conditions
fð1Þ ¼ y1ð1Þ ¼ c; f 0ð1Þ ¼ y2ð1Þ ¼ eþ ky3ð1Þ; f 0ð1Þ ¼ y3 ¼ u1;
hð1Þ ¼ y4ð1Þ; h 0ð1Þ ¼ y5ð1Þ ¼ u2: ð18ÞTo solve Eqs. (16) and (17) subject to conditions (18) as an IVP
we need values for u1 and u2 but no such value are given in the
problem. The initial guesses for u1 and u2 are chosen, and
applying the Runge–Kutta method, the solution is obtained.
To ﬁnd the better approximation for the solution, values for
u1 and u2 are adjusted.
4. Results and discussion
Numerical solutions of the non-linear ordinary differential
Eqs. (8) and (9) with boundary conditions (10) are obtained
using Runge–Kutta–Fehlberg method with shooting tech-
nique. The physical signiﬁcant of different involved para-
meters, for example, unsteadiness parameter S, mass suction
parameter c, velocity slip parameter k and Prandtl number
Pr on the ﬂuid velocity and temperature distribution as well
as on the skin friction coefﬁcient and the rate of heat transfer
at the wall are analyzed and presented graphically in Figs. 2–9.
In the present analysis, dual solutions are obtained for shrink-
ing cylinder by setting different initial guesses for the missing
value of f 0ð1Þ and h 0ð1Þ in which all the velocity and tem-
perature proﬁles, satisfy the inﬁnity boundary condition
asymptotically with different shapes and boundary-layer thick-
ness according to the values of parameter. The iteration pro-
cess is repeated until the accuracy up to 1010 be achieved.
To show the validity and accuracy of the present method,
the comparison of the present results with the existing numer-
ical results is given and found to be in excellent agreement.
Fig. 2 shows the variation of the skin friction coefﬁcient in
terms of f 0ð1Þ versus the unsteadiness parameter S. It is noted
from this ﬁgure that the dual solutions for the skin friction
coefﬁcient f 0ð1Þ for some values of unsteadiness parameter S,
i.e. for S < ScðSc < 0 is the critical values of SÞ and no solu-
tions exist for S > Sc (as mentioned by Zaimi et al. [16]). It
is also noted that physically the ﬁrst solution is stable and real-
izable, while the second solution is not (already reported by
Zaimi et al. [15]). From this ﬁgure it is also evident that the
present results are found to be in good agreement with the
result of Zaimi et al. [16] in the case of impermeable stretching
cylinder with no slip condition k ¼ 0. Fig. 3 presents the varia-
tion in the skin friction coefﬁcient f 0ð1Þ versus the unsteadiness
parameter S for several values of the mass suction parameter c
in the case of shrinking cylinder with k ¼ 0:1. One can be seen
Figure 3 Variation of the skin friction coefﬁcient f 00ð1Þ with S
when k ¼ 0:1 for shrinking cylinder.
Figure 4 Variation of the skin friction coefﬁcient f 00ð1Þ with c
when S ¼ 1 for shrinking cylinder.
Figure 5 Variation of the suction parameter c on the velocity
proﬁle f 0ðgÞ when k ¼ 0:1 and S ¼ 1 for shrinking cylinder.
Figure 6 Variation of the unsteadiness parameter S on velocity
proﬁle f 0ðgÞ when k ¼ 0:1 and c ¼ 2 for shrinking cylinder.
Figure 7 Variation of the slip parameter on velocity proﬁle f 0ðgÞ
when S ¼ 1 and c ¼ 2 for shrinking cylinder.
Figure 8 Variation of the Nusselt number h0ð1Þ with S when
k ¼ 0:1 and Pr ¼ 0:7 for shrinking cylinder.
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a shrinking cylinder and we call them as ﬁrst and second solu-
tions for a particular values of S and c. It is also noticed from
this ﬁgure that the magnitude of the skin friction coefﬁcient
increases with an increase in mass suction parameter c, while
the opposite trend is observed for the higher values of
unsteadiness parameter S, i.e. an increase in unsteadiness para-
meter S is to decrease the magnitude of reduced skin friction
coefﬁcient f 0ð1Þ. Fig. 4 gives the variation in skin friction coef-
ﬁcient f 0ð1Þ versus mass suction parameter c for several values
of slip parameter k, and dual solutions exist in this case forS ¼ 1. It is found that the effect of velocity slip parameter
k is to increase the magnitude of skin friction coefﬁcient
f 0ð1Þ: The effect of the mass suction parameter c on the ﬂuid
velocity f 0ðgÞ when S ¼ 1 and k ¼ 0:1 are ﬁxed is shown in
Fig. 5. From this ﬁgure we can see that the ﬂuid velocity
f 0ðgÞ inside the boundary-layer thickness increases as the mass
suction parameter increases. Further, it is noticed that as the
mass suction parameter c is increased the ﬂuid velocity over-
shoot near the surface of the shrinking cylinder, and this is
due to the fact that from physical grounds vorticity of shrink-
ing cylinder is not conﬁned within a boundary-layer and ﬂow is
unlikely to exist unless adequate suction on the boundary is
Figure 9 Variation of the Nusselt number h0ð1Þ with S when
k ¼ 0:1 and c ¼ 2 for shrinking cylinder.
Heat transfer analysis due to an unsteady stretching/shrinking cylinder 943imposed. Therefore, the mass suction occurs when the ﬂuid
condenses on the surface and the ﬂow becomes smooth.
Fig. 6 depicts the change in the ﬂuid velocity f 0ðgÞ for various
values of unsteadiness parameter S with a ﬁxed values of c and
k. It is observed from this ﬁgure that the two ﬂuid velocity pro-
ﬁles exist for the negative values of unsteadiness parameter S.
It can also be seen from this ﬁgure that the ﬂuid velocity
increases with an increase in S, whereas the momentum bound-
ary-layer thickness is decreased for higher values of parameter
S which implies the increase in the velocity gradient at the wall,
in consequence of increase in the value of f 0ð1Þj j. It is also
noticed from this ﬁgure that the velocity gradient shows posi-
tive gradient for the ﬁrst solution and satisﬁes the far ﬁeld
boundary condition, while for the second solution negative
velocity gradient near the surface is initially shown and the
velocity increases steadily with positive velocity gradient to
reach the far ﬁeld boundary condition asymptotically (see
Zaimi et al. [15]) even in the presence of velocity slip parameterTable 1 Numerical values of skin friction coefﬁcient f 00ð1Þ in the cas
where  are those results reported by Zaimi et al. [6] for k ¼ 0.
S c= 0.1 c= 1.0
4.0 3.84077 4.78798
(3.84077)* (4.78798)*
24.88224 34.68662
(24.88224)* (34.68662)*
3.5 3.29909 4.26102
(3.29909)* (4.26102)*
17.47316 25.35982
(17.47316)* (25.35982)*
3.0 2.73978 3.72551
(2.73978)* (3.72551)*
11.45527 17.59911
(11.45527)* (17.59911)*
2.5 2.14665 3.17614
(2.14665)* (3.17614)*
6.71496 11.30680
(6.71496)* (11.30680)*
2 1.46820 2.60122
(1.46820)* (2.60122)*
3.10294 6.38034
(3.10294)* (6.38034)*k. Fig. 7 shows the effect of the velocity slip parameter k on the
ﬂuid velocity f 0ðgÞ by keeping S ¼ 1 and c ¼ 2 ﬁxed. It is
found from this ﬁgure that the magnitude of the ﬂuid velocity
proﬁle inside the boundary-layer decreases as the velocity slip
parameter k increases for the ﬁrst solution, the opposite trend
is noted for the second solution that near the surface the
magnitude of the velocity increases with an increase in k,
and far away from the surface the magnitude of the ﬂuid velo-
city is decreased by increasing the value of k. The momentum
boundary-layer thickness also decreases with an increase in the
velocity slip parameter k.
Fig. 8 shows the variation of the Nusselt number h 0ð1Þ
versus unsteadiness parameter S for several values of mass
suction parameter c for a ﬁxed value of k in the case of shrink-
ing cylinder. It is observed that for a ﬁxed value of mass suc-
tion parameter c the magnitude of Nusselt number h 0ð1Þ is
decreased with an increase in the parameter S for both ﬁrst
and second solutions. Further, we can also be seen that as
increasing of mass suction parameter c is to increase the mag-
nitude of the reduced Nusselt number h 0ð1Þ in the case of ﬁrst
solution, while the opposite trend is noted for second solution,
i.e. by increasing the value of mass suction parameter c the
magnitude of the reduced Nusselt number h 0ð1Þ is decreased.
Fig. 9 illustrates the inﬂuence of Prandtl number Pr on the
Nusselt number h 0ð1Þ versus unsteadiness parameter S when
c ¼ 2 and k ¼ 0:1 are ﬁxed. From this ﬁgure it is noticed that
for a ﬁxed value of Pr the magnitude of the reduced Nusselt
number h 0ð1Þ is decreased by increasing the value of unsteadi-
ness parameter S, while quite opposite trend is noted for the
several values of Prandtl number Pr, i.e. increasing the Prandtl
number Pr is to increase the magnitude of reduced Nusselt
number h 0ð1Þ for both ﬁrst and second solutions, respectively.
Table 1 shows the comparison of present results with those
reported by Zaimi et al. [15] for unsteady ﬂow over ae of shrinking cylinder f 0ð1Þ ¼ 1 for different values of S and c
c= 1.5 c= 2
5.30763 5.82402
(5.30763)* (5.82402)*
41.10070 48.26178
(41.10070)* (48.26178)*
4.78575 5.30593
(4.78575)* (5.30593)*
30.59883 36.50662
(30.59883)* (36.50662)*
4.25779 4.78338
(4.25779)* (4.78338)*
21.75543 26.49973
(21.75543)* (26.49973)*
3.72055 4.25433
(3.72055)* (4.25433)*
14.47701 18.15036
(14.47701)* (18.15036)*
3.16774 3.71509
(3.16774)* (3.71509)*
8.66897 11.36813
(8.66897)* (11.36813)*
Table 2 Numerical values of skin-friction coefﬁcient f 00ð1Þ and the Nusselt number in the case of shrinking cylinder f 0ð1Þ ¼ 1 for
various values of S; k; c and Pr.
S k Pr f 00ð1Þ h 0(1)
c= 0.5 c= 1.5 c= 0.5 c= 1.5
3.5 0.2 0.7 2.17574 2.47322 4.00123 4.57733
(10.15767) (14.22440) (2.94271) (3.19992)
3.0 1.99396 2.33308 3.58562 4.15678
(7.16568) (10.61181) (2.70312) (2.96765)
2.5 1.779918 2.174206 3.15434 3.72632
(4.59890) (7.43207) (2.44886) (2.72068)
2.0 1.51574 1.99094 2.69839 3.27675
(2.46013) (4.69920) (2.17697) (2.45435)
3.0 0 3.18357 4.25779 3.51936 4.09036
(13.98628) (21.75561) (2.84277) (3.19334)
1.5 0.55876 0.58014 3.6552 4.2119
(1.5767) (2.3470) (2.6764) (2.8828)
3 0.30415 0.31026 3.66671 4.22017
(0.81994) (1.22715) (2.68234) (2.88100)
0.5 1.0 1.25774 1.37766 4.741771 5.57990
(4.00685) (5.91160) (3.61365) (4.08435)
5.0 1.25774 1.377665 18.93601 23.67497
(4.00685) (5.911602) (17.41302) (21.95005)
7.0 1.25774 1.37766 25.95441 32.68147
(4.00685) (5.91160) (24.42747) (30.98041)
10 1.25774 1.37766 36.46867 46.18604
(4.00685) (5.91160) (34.94367) (44.50639)
20 1.25774 1.37766 71.48551 91.19106
(4.00685) (5.91160) (69.96797) (89.53913)
944 Z. Abbas et al.permeable shrinking cylinder f 0ð1Þ ¼ 1 for several values of S
and c for k ¼ 0: Table 2 is made in order to present the numer-
ical values of the skin-friction coefﬁcient and Nusselt number
for different values of S; k; c and Pr for unsteady ﬂow due
to a permeable shrinking cylinder f 0ð1Þ ¼ 1. It is noticed
from this table that it is evident from this table that both the
skin friction coefﬁcient f 0ð1Þ and the Nusselt number h 0ð1Þ
are increased with an increase in mass suction parameter c,
while the skin friction coefﬁcient is decreased by increasing
the value of velocity slip parameter k. Further, the magnitude
of Nusselt number h 0ð1Þ increases as we increase the velocity
slip parameter and the Prandtl number.5. Conclusion
The problem of unsteady ﬂow of a viscous ﬂuid and heat
transfer analysis due to a permeable stretching/shrinking
cylinder with partial slip condition is investigated. The
resultant nonlinear equations are solved numerically using
Runge–Kutta–Fehlberg method with shooting technique.
The effect of the several involving parameters on the ﬂow
velocity, temperature ﬁeld, the skin-friction coefﬁcient and
Nusselt number is discussed and presented graphically and
in tabular form. From this study, the following conclusions
have been made:
 In this study, dual solutions are presented in the case of
shrinking cylinder.
 The magnitude of ﬂow velocity decreases with an increase in
c and k, while it goes to increase for large values of S. The magnitude of skin-friction coefﬁcient increases as the
mass suction and velocity slip parameters are increased as
well as it decreases by increasing S.
 The temperature proﬁle decreases with an increase in c and
Pr, while it increases by increasing of S.
 The magnitude of the Nusselt number decreases as
unsteadiness parameter increases, while it is increased with
an increase in Prandtl number and mass suction parameter.
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